Developing optimum decision policy for gradual replacement of conventional energy sources by clean ones is an important field of current research and the main concern of this article. Eight main energy sources are considered and the decision policies are formulated with the objective of minimizing the implementation and environmental costs while meeting the electricity demand during the entire plan period. The selected energy sources are Coal, Petroleum, Natural Gas, Hydropower, Wind, Solar, Geothermal and Biomass.
Introduction
With the increase of world population, and growth of the industrial complex in developing countries, electricity demand continues to rise. Associated with the rising demand, is a significant increase in the level of Green House Gas emissions due to electricity generation from polluting energy sources such as Coal and Petroleum thereby threatening health of the general population.
In this paper, we consider electricity generation from all the eight main energy sources and use the Pontryagin Minimum Principle to develop the optimum decision policies for the gradual replacement of conventional energy sources by clean ones. The decision policies for this transition are found while satisfying the electricity demand during the plan period and keeping the implementation and environmental costs as low as possible. Coal, Petroleum, Natural Gas, Hydropower, Wind, Solar, Geothermal, Wood and Biomass are the eight main energy sources that are considered in our model.
In a recent paper of the authors [2] , a similar model and method was proposed for different energy problems, satisfying the desired levels of electricity generation from each of the energy sources while minimizing the environmental and investment costs. In contrast, in this paper integration of renewable energy sources into the power grid is accomplished while the demand during the plan period is met and the environmental and implementation costs are kept to a minimum.
Use of the Lotka-Volterra model in energy systems and optimal control theory was proposed for the first time in [1] . There energy sources were classified into two categories: polluting and nonpolluting. Here we consider all the eight principal energy sources some of which are conventional and some renewable and present optimal policy of electricity generation from each of the sources.
This article is mainly a continuation of our previous paper [2] , with emphasis on satisfying the electricity demand during each time interval of the plan period. The official released data of U.S. Energy Information Rest of the paper is organized as follows. The dynamic model of the system and the proposed cost function are presented in section II followed by the system identification in section III. The problem of determining the optimum decision policies and the corresponding results for different scenarios are discussed in section IV. Conclusion and future work of the paper are presented in sections V and VI.
Problem Description

Non-Linear Dynamic Lotka-Volterra Model
The nonlinear dynamic model based on LotkaVolterra system is utilized in this article. This model is very similar to the one presented in [2] . For convenience of the reader, this model is also reproduced here briefly.
The dynamic system is given by a system of eight nonlinear interconnected differential equations as follows:
where xi denotes the level of electricity generation from energy source i, ui represents the percentage growth rate of energy source i, and the βij stands for the interactions between the level of electricity generation from energy source i and j. In other words, βij denotes the impact of the level of electricity generation from energy source j on the level of electricity generation from energy source i.
In this model, the variables ui are considered as the decision policies, that take values from the set U={u: |ui|≤ 1, i = 1,…, 8}, where ui = 1 means a hundred percent rate of increase and ui = -1 means a hundred percent rate of decrease in the level of electricity generation from energy source i.
Cost Function
The cost function must represent all the concerns of the planner. In this paper the planner is concerned with the cost of insufficient production of energy compared to demand, environmental cost (in terms health and climate) and the cost of investment for program implementation. All these concerns are taken into account in the following (cost) function (2):
Here D(t) stands for the electricity demand during the plan period and the quantity given by the sum represents the total energy actually produced. In this article we consider two different profiles for the electricity demand. One is based on the U.S. EIA [3] prediction and the other is based on the assumption of two percent annual growth rate. In fact the planner can choose any demand function based on projections of population and industrial growth. In Equation (2), Γ (> 0) is the weight (or importance) given to a mismatch between the supply and demand. The factor qi (> 0) represents the investment cost per unit change of existing infrastructure by new ones.
In general, F is any suitable monotonically increasing function of its argument representing the damage caused to the environment due to production of greenhouse gasses. For our numerical computations we have chosen F as follows:
According to experimental data given in [5] , for the same level of electricity generation, Petroleum produces 1.23 times more CO2 than Coal. This relation is used for the weights νi in our numerical results section. The factor νi (> 0) denotes the penalty (proportional to the cost of public health and climate degradation) associated with the production of electricity using the polluting source i.
The expression (2), as shown above, consist of three components. The first component is dependent on mismatch between demand and supply of electricity aimed at minimizing the difference between the level of electricity generated and the actual electricity demand during the plan period. The second component representing {Environmental Cost} is aimed at minimizing the electricity production from the polluting energy sources (Coal and Petroleum). The third term represents {Implementation Cost}, and this is aimed at keeping implementation costs as low as possible given the limited resources.
The objective is to determine the decision policies ui(t) , that minimizes the cost function J(u), expressed by Equation (2).
System Identification
There are fifty-six unknown parameters β = {βi,j} in the model expressed by Equation (1) . Finding the optimum decision policies would be impossible without precisely identifying the system model. Therefore, performing the system identification is the first step. This identification can also be carried out by use of optimal control theory. Using the basic Optimal Control Theory [4] system identification was carried out in our paper [2] . The required historical data was taken from U.S. energy Administration website [6] as presented in Table 1 . All the fifty-six unknown β-parameters were identified and given in Table 2 . 
Optimum Decision Policy
Consider the system Equation (1), where all the fiftysix unknown β-parameters are identified and given in Table 2 . For this system, we introduced the objective function given by Equation (2) . Optimal control theory, in particular, the Pontryagin Minimum Principle [1, 2, 4, 7] , is used to determine the optimum decision policy. The minimum principle minimizes the cost function given by the expression (2) subject to the dynamic constraint (1).
Details of the mathematical procedure and the methodology for computation of optimum decision policy are given in [2] . Here we have considered three different scenarios for the electricity demand function D(t). In first scenario we use the electricity demand predicted by U.S. EIA [3] for twenty years plan period.
In the second and third scenario we assume 2% annual growth rate for the electricity demand for the twenty years plan period, and for the thirty years plan period.
In the computational scheme developed here the planner can easily choose any given trend for electricity demand and the duration of the plan period as necessary.
The level of electricity generation is given by xi, i = 1,…,8 and the decision policy is given by ui, i = 1,…,8 for eight energy sources of Coal, Petroleum, Natural Gas, Hydropower, Wind, Solar, Geothermal and Biomass, respectively. The weighting parameters qi, νi and Γ are given in Table 3 . 
Scenario 1
In this scenario, we considered the electricity demand based on the U.S. prediction [3] as shown in Figure 1 . The value of Γ in Equation (2) is assumed as 150 and given in Table 3 . This assumption was based on the high priority of meeting the electricity demand. The planner may easily reduce this value if, from his point of view, the priority of implementation and environmental costs is higher than the electricity demand. electricity production from polluted energy sources (Coal and Petroleum) is decreased by the end of the plan period. It is interesting to note that to meet the demand during early periods of the planning horizon the level of electricity production from Coal is increased. This is because the new sources are not yet developed and the demand is met by producing sufficient energy from the retiring sources. It is expected that the total energy produced from all the eight sources meet the demand over the plan period. This is shown in Table 4 . Decision policies for generation levels of the eight energy sources during the plan period are shown in Figures 2-5 . For example, energy production from Coal given by the trajectory (x1) is increasing during the early periods of the plan period and then decreasing as shown (Figure 1 ). Correspondingly the decision policy (u1) is initially positive and then negative as shown in Figure 2 . The value of the cost function after 100,000 iterations is shown in Figure 6 -a. 
Scenario 2
Let us consider the case where the annual growth of electricity demand is 2%. In this case, we expect larger values (greater efforts) for the decision policies to satisfy this increased demand, compared to the previous scenario, where the mean annual growth rate of demand was only 0.958%. The values of the weights {qi ,i = 1,…,8; νi , i =1,2; Γ} for the cost function (Equation (2)) are given in Table 3 . Figure 7 shows the electricity demand and the state trajectories for all energy sources during the twenty years plan period. This demand is satisfied by increasing the level of electricity generated from the renewable energy sources due to lower implementation costs as shown in Table 3 . Table 5 shows that during the plan period of twenty years, the sum of all the eight energy sources satisfies the total demand as recorded in the last two rows. Figures 8-11 show the corresponding decision policies.
Comparing this with scenario 1, we observe that for some of the energy sources larger efforts (in terms of decision policies) are required to satisfy the greater demand (in scenario 2). This is seen in Figure 5 (b) for scenario 1, where for the biomass energy source the growth rate is around 50% and this is changed to around 58% in scenario 2 as shown in Figure 11(b) . Similarly, for geothermal energy source, the growth rate in scenario 1 is around 10% while it is around 15% in scenario 2. The converging trend of the cost as a function of iteration is shown in Figure 12 . In this scenario, we extend the plan period to thirty years. In this case, again we consider 2% annual growth rate of electricity demand. The demand trend and the state trajectories for all the eight energy sources are shown in Figure 13 . It is interesting to observe that the demand is very well satisfied during the entire plan period as shown in Table 6 . The corresponding optimum decision policies for all the eight energy sources are shown in Figures 14-18 (including the convergence of the cost).
It may be interesting to note that by increasing the plan period from twenty years (scenario 2) to thirty years (scenario 3), the annual investment (or implementation) cost is reduced as shown in Table 7 . 
Conclusion
The methodology for development of optimum decision policy for integration of renewable energy sources into the national power grid of any country is presented. As a case study we consider the United States since in this case complete historical data are available in the public domain. All eight main energy sources of Coal, Petroleum, Natural Gas, Hydropower, Wind, Solar, Geothermal and Biomass are considered in a single nonlinear dynamic model. Pontryagin Minimum Principle, which is well known to control theorists, is utilized to determine the optimum decision policies. All the costs of program implementation, environmental costs and demand are considered in a general objective function (cost function).
The problem of meeting the electricity demand during the plan period, while minimizing the implementation costs and the environmental costs, is successfully resolved. The results presented are completely compatible with what is expected. The level of electricity generation from polluting energy sources such as Coal and Petroleum is reduced without compromising demand.
Different scenarios for electricity demand are presented. One of these is based on the official prediction for the electricity demand during 20 years plan period in the United States (around 0.95% annual growth). Another scenario is based on unexpected increase in demand, for example, 2% annual growth. This is carried out for different plan periods such as 20 years and 30 years. The methodology developed here can be adapted to any given situation for any country. The planner has to only change the basic data to suit the objectives of the country.
Future Work
The research presented in this article is based on the U.S. prediction during the plan period of 2015-2035. However, this prediction may change throughout this period due to uncertainties such as, economic growth, population increase, retirement of existing power plants, etc. Such uncertainties could affect the projection of electricity demand and in turn might change the generation policies. This point could be addressed as future work using Stochastic Optimal Control Theory.
